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Abstract— This paper applies a recently developed neural
network called plausible neural network (PNN) to function
approximation. Instead of using error correction, PNN
estimates the mutual information of neurons between input
layer and hidden layer. The simple theory and training
algorithm of PNN lead to a faster converging rate over that of
feedforward neural networks. Experiment results confirm INN
has much better training performance. In addition, the
bi-directional network structure of PNN provides the flexbility
of approximating any attribute of the data within a single
framework. As a result, PNN can compute a function and its
inverse in the same network even the inverse function genadly
is a one-to-many mapping.

. INTRODUCTION

be trapped in a local minimum. In addition, thefisignt
number of hidden neurons to approximate an arlitrar
function might be impractically large in some cases

In this paper, we apply a recently developed neural
network called Plausible Neural Network (PNN) taidtion
approximation. PNN is introduced by Chen in 20081 It
is a hybrid model of estimating probabilistic arabgibilistic
inferences [9]. PNN uses the mutual informatiohasbasis
for approximate functions instead of training wighror
gradient descend. Based on this characteristic, pé&fdrms
a rapid training with good function approximatiogsults.
Moreover, the fuzzy set theory is integrated in PfdNthe
continuous variable coding. Along with bi-directadrieature
and missing-data tolerance structure, PNN can appete

UNCTION approximation has attracted a great deal 0atny single-valued variable as well as multi-valuadable in

Fresearch from different disciplines such as stafistata
mining, and neural networks [1][2]. Among those dtion
approximation tools, neural networks provide a feamrk
which can learn or approximate any function frowegi data
samples through a training process. The black-boxtfon
representation generated by neural networks ityagsed to
estimate the relationship between inputs and ositMarious
neural network architectures have been proposedbeto
general function approximators using different rtiag
methods and activation functions. For such apptioat the
multilayer feedforward neural networks and radialsib
function neural networks are the most popular apghnes
[3][4]. Although the detailed implementations vargll

the same network. In the training phrase, all tagables in a
PNN are considered as inputs. After the PNN isi&@dj users
can freely decide which variables are inputs anithviare
outputs. In order to compare the function approxioma
results of PNN with those of other neural netwovks,apply
PNN and feedforward error back propagation neural
networks to approximating the same functions.

This paper is organized as follows. Section lcdiées the
PNN architecture as proposed by Chen. Sectiofiuitrates
how we implement function approximation using PNN.
Section IV demonstrates the experiment results eoimg to
multilayer feedforward neural networks. Sectionldses the
paper with conclusions and open issues of using PN

feedforward neural network function approximatonse a function approximation.

based on similar theorems that have been proviea &ble to

approximate any continuous function to any degrée o I

accuracy with sufficient amount of hidden neurdsigg].

PLAUSIBLE NEURAL NETWORK

However, some drawbacks have been raised and destus A. Network Architecture

for function approximation using neural networkgst most
commonly mentioned, neural networks converge vienylg
while training the networks. A great deal of resbaras been

A basic PNN architecture consists of two layerguin
layer and hidden layer) of cooperative and competit
neurons with complete, bidirectional, and symmetric

done to improve the convergence performance [7] [8}onnections. Fig.1 shows the basic architectureaf6iNN

Second, neural networks have the so-called “curke
dimensionality” problem, which means if there exisany
local minima in the approximated function, therirag may
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fodel. Each input attribute is encoded into a grafip
competitive neurons which uses winner-take-all (WTA
algorithm to interpret the value of the attributg(én Fig. 1
the input WTA ensembleX(, X,, X3) encodes the values of
attribute A1l). WTA not only works with mutual infmation
content weights but also has the computational pavie
nonlinear activation functions [11]. Afterward, theput
WTA ensembles cooperate to determine the valuetheof
WTA ensemble in the hidden layer. Each hidden nguro
generally speaking, represents a pattern or clustethe



given training dataset. In other words, while irijmgt a data
sample to the trained PNN, PNN is able to determihich
patterns or clusters the data sample might comtalrelong
to.

Input neurons

Fig. 1. A general PNN architecture for a datasettaios
three attributes (A1, A2, and A3).

B. Attribute Value Coding
To encode the attribute value into a WTA ensenfirst,

each WTA ensemble has to be under one conditianafo

WTA ensembleXy, Xa,... X) where
k

X;=1land 0 X
i=1
In this manner, for a categorical attribute, we aaa one
neuron to represent one categorical value intujtivEor
example, an attribute, color, with three possitdtugs fed,

1 for all X;

attributes within the frame work. In addition, urteén value
and missing data can be resolved easily. For exanawl
input (0.5, 0.5, 0) for the color attribute cleadypresses
uncertain values for red and green. Missing attebualues
are represented by a null vector, i.e. )l in the attribute
ensemble are zero. With this coding, since the tirfippm

every neuron in the attribute ensemble is zerayatain

potential (i.e. input times the weight) contributbg the

attribute is zero. As a consequence, the attriittemissing

value will not participate in the WTA activation dhe

competing hidden neurons.

C. Connection Weights

The weight definition in PNN is based on the mutual
information content which can determine the streraftthe
relationship between an input neuron and a hiddamram.
Consider two neurong,andy, where the input for neurons is
continuous variable in [0,1], which represent thates of
neurons, and the weight between two neurons isgiyehe
mutual information content. (Note we call (1) maltu
information content since (1) is a factor in the tual
information formula.)

P(X;.Y))
W =ln —————— (1)
P(X; )P(Y))

Based on the given weight definition, X, Y; are
independent,P(X,Y)= P(X)*P(Y;) and we can compute
W;=0. It shows there is no relationship betw&eandY;. On
the other hand, if the calculated weight is posititis called
positively associated. It indicates that neuypis more likely

green andblue) can be expressed by a WTA ensemble witfire if neuronX; fires. If the weight is negative, it is called

three neurons (X1, X2, X3). An input (1,0,0) reasred,
such as, (0,1,0) greenwhile (0,0,1) ablue
As to the continuous attribute, a fuzzy set coditsyin

negatively associated. That means neurpis more likely
rest if neuronX; fires. Using mutual information contents as
connection weights makes the explanation of knogéded

perfectly for the WTA ensemble. Each neuron in th&ransparent to the evaluated weights. Moreovestésstical

continuous-attribute WTA represents one fuzzy mastbp
function and the value is the degree of memberfirighe
specific membership function. For example, a cadirs

inference fits the possibility measure inference RINN.
Combining WTA activation function, which gets theaxn
values of possibility measurements, completes théN P

attribute ranged from 0 to 6 can be expressed by irference.

four-neuron WTA ensemble (X1, X2, X3, X4). Assumihe
triangular fuzzy membership function is chosen, WEA

represents four fuzzy membership functions where th

centers locate at 0, 2, 4, and 6. The encode waseslled
fuzzification. A continuous value, say 3.2, carelbeoded as
(0, 0.4, 0.6, 0) representing the degrees of meshigerfor

each corresponding membership function. To recdker
value from the encoded fuzzy set, defuzzificat@mpplied.
From the last example, 3.2 can be
0.4*2+0.6*4. In PNN terms, each fuzzy set in theamble is
called a bin and a triangular bin is a triangularmmbership

function. The number of bins and the type of fuzz
membership functions chosen to encode a continuou

attribute are up to the user.
For this coding scheme, PNN can handle differepesyof

recovered from

D. Forward and Reverse Firing

One of the properties of PNN is bidirectional wetighNN
can be carried out in both directions between inpaitrons
and hidden neurons. In this sense, forward firngferred to
triggering input neurons to activate the hiddenrars and
reverse firing is referred to triggering hidden roms to
activate input neurons.

For the forward firing, to determine which hiddezunons
to activate, a competition method is applied farthehidden
neuron in the WTA ensemble. Considen® PNN network,
here aren competitive hidden neurons,y....y,, in the same
TA, the input vector is [¥xs,...Xyn]. Each hidden neuron
taies input values from the input vector and mlidgpwith
the corresponding weights. Through the WTA alganitind
the competition method, the output of hidden newam be



represented by the following:

initial fire table and input training samples, PNhlculates

w; X, the weight tables for each weight connection betwiaput
=S Wx),"] e’ >3 neurons and hidden neurons. After a new weightetabl
Yi = ! %)l W X, @) estimated, PNN fires each training sample usingndir
' sup e’ method to get a new fire table. The next step isoimpare
_ . two fire tables. If two fire tables are identidalneans weight
Yi = 0,otherwise table hasn't changed and PNN is stable. Othenb&ased on
the new fire table, estimate the new weight tabie eepeat
where S(jt) is the normalization function previous steps until PNN is stable.
e
— S .
e ]
i Fire the hidden neurons randomly| to
create an initial fire matrix
In (2),a is a threshold value to cut the weak signal. Each v

competitive neuron in WTA has to obtain a valueatgethan
a to become a winner. Since the above firing mettmad
produce multiple winners depending on tlee value,
sometimes, it is referred to the soft-max compmatithethod.
On the other hand, if we set up PNN to determing one
winner at a time, it is referred to the hard-maxnpetition

method. In (3), is the temperature argument that can amplify

the signals. The default setting fors usually 1.

Unlike the traditional neural networks, bi-directad PNN
structure allows to reverse firing direction. lratltase, the
input vector is taken from the hidden layer, anel dlitputs
can be computed at the input layer. The reverggfivorks
the same way as forward firing only in the diffardinection.
However, if we reverse fire to a continuous atti@ua
defuzzification needs to be applied after the wianare
determined.

E. Training Algorithm

In PNN, a training method is required to estimdie t

Step through the training dataset to
calculate the new weights using (4)

v

Given the new weights, fire trainin
set forward to get a new fire matrj

!

xXQ

Compare the new fire matrix to the
previous fire matrix

Stable.
End training

Fig. 2. The PNN Training Algorithm

Il
PNN provides a unified architecture for multipleska

FUNCTION APPROXIMATION USINGPNN

weights which contain the max information knowledgdelated to pattern recognition since the hiddenrore

training dataset. To evaluate weights, we havevaduate

on the discovered patterns, several data anabsks tan be

P(X.Y), P(X), andP(Y)) based on the definition given in (1). appli.ed. such as clustering, classificatiqn, ruh:di/e:ry and
We can use the training dataset to evalRge ), P(X), and Prediction. PNN also can apply to function appraadion by

P(Y;). Given the past n co-firing history of two neuréfand

interpreting the found patterns. The architectdr@MN for

Yi, % Yi), k=1,2,..,n, based on the binary coding andfunction approximation is same as that shown in. Hig

fuzzy set coding, the maximum estimate likelihoaddtion
in weight connection can be denoted as:

n
n- X yjk
v = In(=—=—)
Xiy yjk
k=l k=l
The learning method is based on the computatidrelbéf.
Each training procedure measures the action patsrfor
hidden neurons. The training algorithm is showrFig. 2.
First, PNN fires hidden neurons randomly for eaelining
sample in order to produce an initial fire tablesBd on the

) (4

Instead of pre-defining input/output attributesdasie in the
feedforward neural networks, all the attributesamesidered
as inputs in PNN during the training phase. ThenniiN
design factor at this step is to determine how niaidgen
neurons are sufficient to capture all the patténrthe given
dataset. After PNN is trained, users can freely aiset of
known attributes to approximate any unknown attehn the
network.

The idea behind the function approximation using\NAsI
described next. In a trained PNN, given the knatimbutes,
(X1, %2...,%), we want to compute the unknown attribite
representing the functional relationshifs f (X3, Xz...,%).
First, all the attributesX,X....,%, andY) are encoded to an
input vector based on the PNN coding scheme. Sthie



unknown, it is treated as a missing value whictoded as a memberships of the multiple values are overlappethé
null vector. Next, we fire the input vector forwaltrigger close proximity of the combined fuzzy set (duehe small
the hidden neurons. The activated hidden neurorgeneral, number of bins used in the example coding), thetipial
indicate the combined patterns this input vectortaims. We values can only be approximated but not be exactigicted.
then reverse fire the output of the hidden neubmtk to the One approach to avoiding the close overlapping iase a
input layer. In the reverse firing, we only needite to the larger number of bins for the continuous attribeading.
unknown attribute)Y. In other words, we use the reverse To achieve better results of function approximatiow a
firing to find the possible value or values ¥fthat are cut is suggested for the hidden layer. Althoughbig cut
associated with the fired pattern. After the fordvaand leads to faster convergence, it also produces eretés
reverse firing computation, the approximated valole function for the approximation due to the lostrfbrmation.
attribute Y can be obtained from the output of the WTAExperiment also shows that the temperature argumeah
ensemble using the coding scheme. help to avoid trapping in the local minima. In aidi, higher

Due to the PNN coding scheme, the output may contaiemperature also leads to faster convergence. Hewev

multiple values in a single WTA ensemble (attrijut€o  higher temperature also amplifies the separatiosigrials
extract the multiple values from a categoricaliladte, cut and thus may introduce unwanted noise.

is applied. Specifically every competitive neurarthie WTA

with value greater than cut value is considered to be a IV. EXPERIMENTS

potential output. As to the continuous attributeyltiple
values may overlap in the same WTA. For example, tr}
continuous attribute shown in section Il contalmes inultiple
output value.2 (0, 0.9, 0.1, pand5.6 (0, 0, 0.2. 0.8 If

In this section, we present several experimengallte for
unction approximation using PNN. To compare treahs, a
feedforward neural network (FFNN) is implemented to
approximate the same functions as used for the PNN

PNN can approximate the values correctly, the dufmuthe _ _ . _ (x m212s |
attribute would be@, 0.45, 0.15, O)Msince two fuzzy sets e€xperiments. First, a Gaussian functiyr € Is
have been overlapped and normalized. A simple @ifigoris  used to test the performance of PNN and FFNN. Weize
devised to separate multiple values that may btagwed ina the Gaussian function with6=50 and 0U=15. The
given fuzzy set. Suppose the continuous attritsiencoded independent variable of the Gaussian function , rdnges
as a fuzzy setX,X,...,X). The algorithm is proceeded asfrom 0 to 100. We generate 150 points with outlfersthe
follows: training dataset and 350 points for testing.

1)

2)

3)

4)
5)

To give an example of the above algorithm applicet;
consider the combined fuzzy s&, 0.45, 0.15, 0)4(using
triangular membership functions centered at 0,,23n8 6,
respectively). There is only one local minimum e tset,
namely,0.15 Using step 2) of the algorithm, we create two
fuzzy sets: (@, 0.45, 0.15, Pand Q, 0, 0.15, 0.1 Using step
3), we obtain the normalized fuzzy seds (.75, 0.25, Pand :
(0, 0, 0.27, 0.73). And finally using step 4), wetain the ot S
values 2.5 and 5.46 from the normalized fuzzy sets,

_ o . For the PNN configuration, 30 bins are specifieddach
Identify all the local minima in the fuzzy sethere a continuous attribute, and the number of hidden owsiis 20.
local minimum,X;, satisfying X< X, andXi<= Xis1.  To train the PNN, we assigm cut = 0.001 and = 1. The

The local minima are numbered from left to right. number of maximum iterations is set to 300. In this

Based on the local minima, separate the fuzay s@xperiment, PNN stabilized in 164 iterations withrean
For i-th local minimum, create a new fuzzy segquare error (MSE) 0.0019. The MSE for the testiataset
(Y1, Yz...,Y), whereY; = Xif j is the index of the fuzzy tested with the trained PNN is 0.0023. Fig. 3 shthesresult
member between the i-th local minimum fuzzy membes this approximation using PNN. The result alsovsh the
and (i-1)-th local minimum fuzzy member; otherwi¥e, capability of PNN to reduce the effect of the aarsi
=0.

If there exists positive values from the lastalo i oo Y= b 2 2sipnaa) |- il i 15 o
minimum to the last fuzzy member. Create a fuzay se 1 e
consisting of all the fuzzy members from the cutren E02251
local minimum to the last fuzzy member.
Normalize the fuzzy sets produced in step 2and
Perform defuzzification of each fuzzy set fromyps4.

Fig. 3. Approximate Gaussian function using PNN

respectively. The example shows that if positive



Fig. 4 shows the result of the approximation of shene The input testing set consists of 100 Y values iramfrom 0
function using FFNN. The neural network contains onto 1. We want to compute the associated X valuéiseoinput
hidden layer with 20 hidden neurons. The erroedon is set Y values. In Fig. 6, we show 197 (X,Y) points thae
to 0.001 and the maximum iteration is 10,000. Tésult in computed from the given Y values using the traiP&N.
Fig. 4 indicates the error criterion is not saéidfiThe training Note that each Y value produces two X's exceptdpehree
stops at 10,000 iterations with mean square er@@1B. Y’s whose associated X values are too close toragphy the
Comparing the results, to meet the similar errategon, algorithm proposed in section Ill. However, theuteshows
PNN converges much faster than the FFNN. the flexibility and capability of PNN to approxingat

single-valued as well as multi-valued functions.

Fig. 4. Approximate Gaussian function using FFNN Fig. 6. Approximate multi-value function using PNN

Table 1 and Fig. 5 show the mean square errotsedirst Same configurations for both PNN and FFNN are appli
ten iterations for both PNN and FFNN in the lagieniments. to approximate another functiofirsinc(X)+1 The training
As shown, PNN reduces the error much more rapitint set consists of 150 (X,Y) points, where X rangesiO to 30.
FFNN does in the first 10 iterations. However, #reor And 350 (X,Y) points are created for testing. PNN\sfable
fluctuates slightly (increases sometimes) when RélNear after 283 training iterations. On the other handNR fails
stabilized because the PNN training is based onmizing again to converge to the specified error criteaéter 10,000
the total mutual information rather than on minimdg the training iterations. In addition, after the traigj the PNN has

error function. the mean square error of 0.0013 which is better E&eNN'’s
0.0035. Validating the testing data on the traif®N and
Table 1. The MSE of the first 10 iterations for PEhd FFNN FFNN clearly shows that PNN (with MSE=0.0031)

112, 3| 4| 5] 6] 7 8 9 10 outperforms FFNN (with MSE=0.0081).
PNN | 0.136]0.135( 0.13 | 0.114 0.073| 0.018]0.00250.00230.0021 0.002

FFNN [ 0.205( 0.202( 0.198| 0.195| 0.192| 0.19 | 0.188 0.186| 0.185| 0.184 Data Description: Y=sinc(x)+1 500

2 PN
+ MSE:0.0013
RE: 00174

—e—PNN \ FFNN:
MSE:0.0035
RE: 00465

—a—FFNN

° H_'*I—I-.—H_.

0 1 2 3 4 5 6 7 8 9 10

Fig. 5.The MSE of the first 10 iterations for PNN and FFNN

Another experiment is conducted to test the abilit? NN " et
to approximate multi-valued function. We use thainted + Approinated oy FEMN
PNN in the previous experiment to approximate theise

of the Gaussian function, which is a multi-valuedtion.

Fig. 7. Function approximation using PNN and FFNN



Fig. 7 illustrates the combined results of PNN &R&NN. represent all the relationships among attributescdntrast,
Although in theory FFNN can approximate any reabther neural networks can only be used to represatific
continuous function to any degree of accuracy witfficient relationships between selected input and outpuibates.
amount of hidden neurons, finding sufficient hidaeurons The algorithm (Section Ill) used to recover the tiplé
to satisfy the desired accuracy with reasonabieitrgitime is ~ values from the overlapped WTA fuzzy set in a PNbrks
not very practical. well if the multiple values are relatively separabt is still an

Fig. 8 shows the outcome of approximating a freeatililg  issue open for further research if the multipleuealare close
function using a PNN. In this PNN, 40 bins are gissd for to each other. Fig. 6 and Fig. 8 show the inadequat
each attribute and 200 (X,Y) points of the functéwa used to separations of the inversed multiple values nearItical
train the PNN. The training process is stable i @& ations. minima or maxima of the functions using the alduorit For
To validate the performance, 100 Y values rangrogifO to  future research work, we like to extend the aldonitto
1 are input to the PNN to approximate X values. &arh of enhance its separation power. Although applying RidNihe
the testing Y value, the PNN can approximate tls®@ated high-dimensional function approximation problem st
X values, which may vary from zero to four distinetlues. yet been tested, we believe that the simplicity guoétk
However, noise caused by the PNN computation preslucconvergence of PNN can handle such a large-scaldgm
inappropriate approximation in some testing vakgeshown without much difficulty.
in Fig. 8.
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